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Nonoscillatory Schemes for Kinetic Model Equations
for Gases with Internal Energy States
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High-order accurate nonoscillatory schemes based on the discrete ordinate method and the characteristic flux
difference splitting method are presented for solving the nonlinear Krook-type kinetic model equations for both
monatomic gases and gases possessing internal degrees of freedom. The methods are tested for one-dimensional
unsteady shock tube flow and for two-dimensional steady rarefied stream past a NACA 0012 airfoil at angles of
attack. The computed results are found in good agreement both with theoretical solutions from Euler and Navier—
Stokes calculations and with experimental results. Comparisons of results using kinetic models for both monatomic

and diatomic gases are included.

I. Introduction

HE transitional flow regime between continuum and free
molecular flow regimes has remained one that is difficult to
attack either theoretically or experimentally. The capability to ac-
curately predict the rarefied gas flows over the complete spectrum
of flow regimes is thus very desirable. It is well known that the use
of continuum Navier-Stokes equations is not valid for treating this
transitional regime, and the Boltzmann equation based on the ki-
netic theory of gases needs to be used. Because of the complexity
of the nonlinear integral-differential nature of the equation, analyt-
ical solutions of the Boltzmann equation are rare and approximate
or numerical solutions may be sought. Perhaps the best known and
commonly used numerical method for solving the Boltzmann equa-
tion is the direct simulation Monte Carlo (DSMC) method of Bird.*
Applications of the DSMC method to a great variety of rarefied gas
flow problems involving complex geometries have been reported.?
The difficuities encountered in the solution of the Boltzmann
equation are mainly associated with the nonlinear integral nature
of the collision term that contains the details of molecular interac-
tion. To circumvent this difficulty, statistical or relaxation models
were often proposed as substitutions. The kinetic model equation
proposed by Bhatnagar et al.* (BGK) provides a more tractable way
to solve comparatively complex problems in rarefied gas dynam-
ics. Kinetic models for gases with internal degrees of freedom that
preserve the simplicity of the Krook-type model have also been
proposed by Morse* and by Holway.® All of these kinetic model
Boltzmann equations bear a resemblance to the original Boltzmann
equation concerning the various order of moments. In addition, the
transport properties and the continuum Navier—Stokes equations can
be obtained from these nonlinear model Boltzmann equations us-
ing a Chapman—Enskog procedure. Thus, instead of solving the
full Boltzmann equation, one solves the kinetic model equations
and hopes to produce a more economic and efficient way for com-
puting rarefied gas flows. The accuracy and applicability of the
various kinetic models just mentioned have been tested against ex-
perimental data in the contents of rarefied Couette flow,” shock wave
structures,®? and a high-speed sharp leading-edge problem.!”
The objective of this study is to present accurate numerical meth-
ods for solving the kinetic model equations to treat general rarefied
gas flow problems for both monatomic gases and gases with internal
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degrees of freedom. We shall present details of the numerical meth-
ods and compare solutions with different kinetic models for both
monatomic and diatomic gases. A study of rarefied gas flow com-
putations using model Boltzmann equations for monatomic gases
has been given in Ref. 11, and the detailed formulation for the case
of a monatomic gas can be found there. We shall emphasize the use
of kinetic models for gases with internal energy states. First, for
each quantum state, the discrete ordinate method'? '3 is applied to
the distribution function to replace its continuous dependency on
the velocity space by a set of distribution functions that are con-
tinuous functions in physical space and time but point functions in
velocity space. The energy level is treated quantum mechanically
and is also discretized using a Gauss—~Laguerre quadrature. Then the
resulting partial differential equations are of hyperbolic type and are
cast into hyperbolic conservation laws form with nonlinear source
term. Once this is done, several well-developed characteristics-
based high-resolution methods can be employed to solve them. In
this work, we extend and apply our previous characteristic flux dif-
ference splitting method and its high-order extension'!:* to solve
the aforementioned inhomogeneous hyperbolic system of conser-
vation laws. The high-order methods were constructed out of the
total variation diminishing'® (TVD) and essentially nonoscillatory
(ENO) methods originally developed by Harten et al.'® It is hoped
that the present characteristic-based high-resolution schemes may
serve as an accurate numerical tool for treating general rarefied gas
flows over objects of arbitrary shapes covering the complete spec-
trum of flow regimes using kinetic model equations.

In Sec. II, the governing kinetic model equations for gases with
internal energy states and related formulations are given. In Sec. 111,
the discretization of the velocity space and internal energy levels
using the discrete ordinate method to render the equations to a set
of hyperbolic conservation laws with source term is described. In
Sec. IV, high-resolution numerical methods based on the character-
istic flux difference splitting method are proposed to integrate the
nonhomogeneous hyperbolic conservation laws. Both explicit and
implicit methods are included. In Sec. V, numerical results for one-
and two-dimensional rarefied gas flows are presented to itlustrate
the use and to test the accuracy of the numerical methods. Some
conclusions are given in Sec. VI.

II. Kinetic Model for Gases with

Internal Energy States
In this section we describe the Krook-type kinetic models and
related formulations relevant to the present solution method to
be presented later. We shall adapt the kinetic models for gases
whose molecules possess internal degrees of freedom.*? The ki-
netic models for monatomic gases can be considered as a special
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case, and further details can be found in Ret. 1. We consider the
Morse—Holway kinetic model Boltzmann equations (without exter-
nal forces) of the form

‘)jl+v A /I’—VLI j/)+])II](PlI /) (l)
where /,(x,v, 1. E;) is the velocity distribution function at energy
level I, that depends on space x, molecular velocity v, and time
t; and v, and v, are the elastic and inelastic collision {requencies,
respectively. In Eq. (1), £, and Fj; are appropriate distribution func-
tions, which can be written as

m ? m 5
Fy :”I<2nkT,) exp[42kT’(V—u)‘] (2a)
El
- mn - m 5
Fir = ey (m> expl:A T, (v — u)‘} (2b)

where k is the Boltzmann constant; /m is the molecular mass; n; is
gas number density for each quantum state /, where the index / refers
to the entire set of quantum number {{} = /|, [», [, ..., necessary
to specify the internal state of the molecule; 7, is the translation
temperature; 77 is the total temperature; u is the flow velocity; and
Ny is the equilibrium number density. The various macroscopic
moments can be calculated in terms of f;. The elastic and inelastic
collision frequencies are given by

nkT,
Vo) = (3a)
(I +a)u
Vin = d Vg (3b)
5(1 4+ a)
Zp = ——— (3¢)
3a

where the rotational relaxation parameter Z, has to be obtained by
experimental means. In the present work, Zy is taken to be 3.2. The
viscosity p is assumed to have a temperature dependence

/s = (T, / T )* (4)

where x is tabulated in Ref. 6. The viscosity coefficient ji.. is related
to reference mean free path A by

o = %nmx)\x(%r RTx)% (5)

where the subscript co is referred to the reference condition. Com-

bining Egs. (3-5) gives

16 nkT, 7\ "
Vol = o (6)
S5(1+a) \omna 2 RT )z \Tx

Reduced Distribution Functions

To illustrate the method, we describe the relevant governing equa-
tions for two-dimensional problems. First, to reduce the computer
storage requirements, the reduced distribution functions'” are con-
ventionally introduced:

@@»JmnwEo:/ fiteyov Ende, (Ta)

~x

hy(x.y 1o, 0, E) = f Uff,(.x. v.t,v. Ep) du. (7b)

X

Define the characteristic velocity C-. and time .. as
tv = L/Cy

where L is a characteristic length of the problem

Introduce the following nondimensional variables:

f:X/L, ‘A:V/Lv [:l/lx~ 1’)\i:b‘/'/(jx
n=n/n, iy =u,/Cy, iy =u,/Cx
f‘:T/TX, E 1/ kT, ﬁ:p/(%nme;)

Ty, = T, /mn, C2, G =qi [ (dmnCL)

§/:g//(/1x/Ci). /Az,,:h/nx

C,/ :G,//(llx/ci_). IL},/ :Hr//nx

Gi! = G[//(”')c/ci),

Alter nondimensionalizing the equations and integrating out the
v. dependence in Eq. (1) using Eq. (7)., the single Morse—Holway
kinetic model cquation in three space dimensions reduces to two
simultaneous equations in two space dimensions and can be cast
into inhomogeneous conservation faw form as follows:

[_AIII - fli//”:x

GO+ 0 F A d bl = S 4 S (8a)
where
~ LQ/ ()?v \A’ !A\ lA).\'a 1,}\) o 1,)\g’/ Ay ﬁ»\.g/
Q=0 ..~ .| EF={.-) F=[.-
(X, ¥, 1,0, Vy) vy vy
o ‘A}C é -8 & Vm(Gr -
S/d =" l(, & é:/) oS P — 80 8b)
Vo (Hy — hy) D (Hy — )
In Eq. (8).
Gy = Gu/mTyexp{=(/TH[(y — ) + (5, — @)']}  Va)

Hy=1iT,G, (9b)

T+ (0, — i)’} (10a)

Hy = i Iy G (10b)
and
. 8 ATO 0
Vel = 5(1 +a) f[(n (1)
Din = avy (11b)

where Kn = Xx../L is the Knudsen number and the choice of mecan
free path and the characteristic length is problem dependent.

Without causing any confusion we shall drop the sign in the fol-
lowing equations. The macroscopic moments in terms of the reduced
distribution functions arc

n = / / gy du, do, (12a)

n= Zn, (12b)
7

exp(— I/ Ty)
Mg =N S s (12¢)
Do exp(—I,/Tr)

= - Z/ / v gr du, du,,

3
nl, = [/ / hy dv, doy
x xX
+ / / (v? + U‘z)g, dv, LIUV] — lz(u% + uf_) (12e)
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i
T, = — E 12f
p X’:”/ I (12f)
Tr = 3T, + £T, (12¢)
p=nTy (12h)

v + v )g, + h,] dv,dv,

a=Y | [ wl
o oc
— 2u, f / Ve Uy g du, du,,
—oc J—o¢ )
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"o J o ) V ' 2

(12i)
=3 f f va Erg dv, dv, (12i)
7 J-o0J—oc

o >
Top = —ZZf / Vo Vgg du, dvy + 2nuqug + Sug p
7 —oc J —00

(@ p=xy (2K

In Eq. (12), g,, and gq,; are the heat flux vectors in the x direction
as a result of translational and internal temperatures, respectively,
T, are the stress tensor, and 44 denotes the Kronecker delta. The
specific heatis assumed to be constant here since the quantum energy
levels are assumed to be spaced close together for the temperature
range of present interest.

General Curvilinear Coordinates System

In practical problems we encounter arbitrary geometries, and a
system of general curvilinear coordinates is commonly introduced.
The conservation equations of the two-dimensional rarefied gas dy-
namics in general coordinates (£, 1) can then be written in strong
conservation law form as

B0+ 0 F +0,F =S+ 8" (13a)
where
Ut Vig
—1 g/ £ -1 & n —1 8
= O Ff =y . F' =1
Q=1 (m) ’ (u%) ! (v”/z;>
(13b)
with

= (l)xgux + a,VSU)” Vi = a.x’77v.x + 8}'771}_)' (14)

The metric Jacobian is J = 8,£d,n — 9,6 0,1 and the metric terms
are given by 9,& = Ja,y, 80 = —J0y, 8,6 = —Jd,x,0,n =
J 3¢ x. The Jacobian coefficient matrices A® = 3 F¥/3Q and B =
dF"/3Q of the transformed equations have real eigenvalues
A= = U, M=x =y (15)
Note that both A% and B" are diagonal matrices:
Af = A% = diag{2f}, B" = A" = diag{r]}  (16)

For later use we define the split normalized Jacobian matrices as
follows:

1 +sgn(xf
+_ dmg[_;in('_):" ’)i — dl'lg[

where sgn(i;) denotes the sign of the eigenvalue A;.

=S sgn(k}’)] a7

2

III. Discrete Ordinate Method

In Eq. (13), each of the reduced distribution functions at cach en-
ergy level still remains to be a function of five independent variables
in the phase space (for the two-dimensional case). The discretization
of the velocity space is done using the discrete ordinate method.'* '3
This is the same as that described in Ref. 11 for monatomic gases.
For completeness, we briefly give the necessary elements of the
method. The discrete ordinate method, which consists of replacing
the integration over velocity space of the distribution functions by
an appropriate quadrature, requires the values of the distribution
function only at certain discrete velocities. Also, the macroscopic
moments given by integrals over molecular velocity space can be
evaluated by the same quadrature rule, e.g.,

oc N
/ exp(—vP)gi(v) dv =) " W, g (v,) (18)
0

o=

where v, (0 = 1, ..., N) are the positive roots ot Hermite polyno-
mial of degree N and the various W,, are the corresponding weights
of the Gauss—Hermite quadrature. The quantum energy levels are
assumed to be spaced close together, and the discrete rotational en-
ergy Jevels are replaced by an approximate continuous energy space.
Then, following Ref. 10, the energy levels are rediscretized accord-
ing to the Gauss—Laguerre quadrature and the integral in energy
space is evaluated using the same quadrature. For example,

)= [ =o(5)
6 expl — ex dE
Z ‘(TT) o P\

M 7 ’
EZR)\GXP(E;\)CXP(_TF}‘) (19)
A=

IR

7

where R; are the Gauss-Laguerre weighting coefficients corre-
sponding to the £, roots of the Laguerre polynomial of degree M.
The discrete energy levels denoted as E; are fictitious levels that do
not correspond one to one with the actual quantum state E;. Here, we
employ approximate energy levels for rotation with equally spaced
energy levels and optimize £; in such a way that the error in

~E, > E
AE, €Xp< - ) = / cxp<——~>dE 20)
Z Tr 0 Tr

is a minimum. When the Gauss-Laguerre quadrature is used, it was
shown in Ref. 9 that

AE} = RA @XP(E}\) (21)
Finally, we have

Nyey = R, exp[ (1= )]/T, (22)

Applying the discrete ordinate method to Eq. (13) for the (v,, vy)
velocity space and the energy space £, one obtains

8/ Q/\,rf,/ﬁ + 85 Ff.(r,(i + () F):Io § ‘S;l‘n_s + S;Trr.é (238)
I [ erosE.m 1) ¢ 1 Ujdgk.n.é‘
Qios = v Fes=+ £
I /lkﬂ.ﬁ(év 7, l) o J UU(SIZ}\.“JS
- | v;{agk‘n.é i VCI(GI)\JT.(S - g}\,ﬁ,ls)
Flos=7 . Sios =
Vqlsh)\.n.é Ucl(Hrk,n',«S - h)\,rr.b‘)
(23b)
Vin(GiAﬂ,S - gk.n.é)
Ss =

Vin(Hixos — Pias)

where ¢, 55, ls0s. Gros, and Hy .5 represent values of g, /i, G,
and H evalufllcd at the discrete velocities (v, , vg) and discrete en-
ergy E)\((T—‘ N],..., l,l,...‘Nl;(S:VN'; —1,1 .....

Ny h=1,2,..., M). Here N, N>, and M denote the numbers of
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discrete quadrature points used in the v,, v,, and £ spaces, respec-
tively.

Once the set of the discrete distribution functions g, , s and 1; ;.5
at each energy level and velocity pair are solved, one can obtain all
of the moment integrals using Gauss—Hermite quadrature as

x> 22 20
n;, = / / [g;h(vv\., Uy, X, Y, l)e“‘“e”‘VJe' e~ du, du,
—X0 - ’
Ny Na ,
S wowi(gesee) (242)

og=—=Ny §=-N,
M
= Z’“ (24b)
A=1

1 M

TEEDID DD ML AT DRI B

A=lo==N§=-Np

anZ Z Z W, W‘g /1A,,,;

i=lo=-N§=-N>

+ (vz + vg)gk_(,_g]e”ge“l% — lz(uf + uf,) (24d)

M Ny Ny
Yy = Z Z Z Wrr WBUU [/ZA.,(T,(S + (1)(27 + U;)g;,n.s]

A=l lo==Nd=-N;

N N
]‘2 UZ ! 2 2 Uz 1,‘2
x e et —2u, E E W, Wsv, g1 ose™ e

o==N §=-N

Ny
—2L£\, E § W WrivnvégA a.8€¢ n() S

o=—N| —Na

3
+ nu, (uz‘ + uf,) — En Tu, (24e)

MM N .
:Z Z Z W"W5(Urrvsgx.a.,sc"’;@"“_’)—rm\.uy (241)

A=lo=—-N §=—Na
Other macroscopic quantities can be similarly evaluated.

IV. High-Order Nonoscillatory Schemes
In this scction we describe the numerical algorithms tfor solv-
ing the set of equations, Eq. (23). Following Refs. 11 and 14, we
consider a high-order extension of Eq. (23) as follows:

Qs + (AL + RS0, 1Y

rob
+ (AT + AL R = S5+ S, (25)
where o0 = =Ny, ..., -1, 1, ..., Ny,§ = =Noy oo, =11, ...,
Noyand L = 1,2,..., M. The modified fluxes FfM and £ MS

are at the discrete points and consist of the original fluxes and ad-
ditional fluxes of higher-order accuracy that have some nonlinear
control mechanism built in to avoid oscillatory solutions in high-
gradient regions.

Definc a uniform computational mesh system (§;, n,) with mesh
sizes A = An = landlet Q1 , , s denote the value ol Q at lime
level nA:, position (jAE, kAn) discrete velocity point (v,, vs).
and energy level F;. Define the dlltmence of the characteristic vari-
ables in the local & direction as a Fikaes = (Qviknes —
Qirses)djw 120 Where Jj iy = (//,k -+ -/,‘+ 1x)/2.

Explicit Methods

In terms of operator form, we have the time integration scheme
for Eq. (25) as

Oroslt +2A10) = LAANLAADL,(AT)

X Ly (ADLAADL(ADQ; 55(1) (26)

where the time step Ar is choscn to be less than the local mean
collision time 7 and satisly the Courant-Friedrichs—Lewy (CFL)
stability condition. The elastic collision time is less than the inelastic
collision time, and both must be chosen phenomenologically. The
time integration of the governing equations is carried out on each pair
of discrete velocity points (v,, vs) and each energy level £, with
finitc difference approximations. Without causing any ambiguity,
we omit the subscripts (A, o, §) in the operators £, Le¢, and L,

The integration of the source term is done using a second-order
Runge-Kutta method:

Q) = LAADQT, = Q1+ At(SS + 57) (27a)
Qi = O+ 1AL, Q1 + L£,07) (27b)

The one-dimensional spacc operator £ (A1) is defined by
Q/Hrl ['E(A[)QI/A — Qllz _AZ<F/VLL‘ IN | k) (28)
with the numerical flux £V d

N _gEM
FHIA 'L/vH

cfined by

l

= AT A = AT AL E
(29)

where Ay f; = £(f;+1 — f;) denote the usual forward and back-
ward difference operators. The modified flux F“A is expressed as
Em -
F/A:I*/k+L»A+D (30)

To achieve high-order TVD and nonoscillatory schemes,'s'¢
one only needs to define Ef and DY and they are given in
Refs. 11 and 14.

Implicit Mcthods
Using the Euler implicit time-differencing formula, Eq. (25) can
be written as

[7+ ATCATY 4 A7)0 AT + ALCA + A7), A"
+C]AQY ;" =RHS, (31a)

RHS", = —Ar[ (AT 4 AF)i 5

AT+ AT, F™M) 4 ArsT (31b)

where AQ"+! = @7 — Q" [ is the unit matrix, C = C* +
C™ and C* = (35/0Q), C" = (35™/3Q). Equation (31) can
be approximately factored in several different ways. We adopt the
lower-upper (LU) method,"™ and Eq. (31) becomes
+A(L+U+C) ]AQ”’ = RHS", (32a)
where
L= ATSIAS + AMVSPAY U = RST8] AT+ A5/ AT (32b)

In Eq. (32), §” and 8/ denote the backward and forward differcnce
operators, respectively.
An approximate LU factorization for Eq. (32) can be given as

[D+ AILIDT[D + AtUIAQ" ' = RHS, (33a)
D=17+AC (33h)

It is implemented in the following sequence:

|D+ AILIAQS, = RHS", (34a)
D+ AUIAQY ' = DAQY, (34b)
/11| Q +AQUJI (34(,)

The approximation factorization error of Eq. (34) is
Ep=ACLDT'UAQ! (35)

which can be shown to produce the least amount of crror among
scveral possible factorizations, particularly when the norms of the
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Fig. 1 BGK meodel (monatomic gas) solution of the shock-tube prob-
lem using ENO2 scheme (Ax = 10Ag): a) density and b) temperature.
Symbols denote the computed solution, and solid lines denote the Euler
exact solution.
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Fig.2 Morse-Holway model (diatomic gas) solution of the shock-tube
problem using ENO2 scheme (Ax = 10\g): a) density and b) tempera-
ture. Symbols denote the computed solution, and solid lines denote the
Euler exact solution.
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Fig.3 Morse~Holway model solution of shock-tube problem using var-
ious schemes: a) density and b) total temperature.
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Fig.4 Translational heat flux distributions along the shock tube using
BGK and Morse-Holway kinetic models (Ax = 10Ag): , diatomic
gasand - ... , monatomic gas.

source terms are large.'” The collision source term § of the model
cquation in general is a functional of the reduced distribution func-
tions g; -5 and £, » 5. The exact evaluation of the Jacobian matrix
of the source term C is difficult. In this work, we approximate the

Jacobian of the source term as
: —1 0 -1 0 .
Ccl A g — /\Sd: Toll ™ Vi — A_Sm
0 —1 0 -1
(36)

With these simplified approximations the equations become diago-
nal and completely decoupled, and the solution procedure becomes
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a)

Fig.5 Supersonic rarefied gas flow past a NACA 0012 airfoil (M, = 2.0, Re; = 1.06 X 102, Knoe = 0.03,and o = 0 deg). BGK model for a monatomic
gas: a) pressure contours and b) density contours.
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Fig. 6 Supersonic rarefied airflow past a NACA 0012 airfoil (M, = 2.0, Re; = 1.06 X 10%, Kny, = 0.03, and o = 0 deg). Morse-Holway model for a
diatomic gas: a) pressure contours, b) temperature contours, ¢) density contours, and d) experiment (p/po values).?



YANG, HUANG, AND WANG 2077

rather simple and can be solved scalarly. The numerical experience
indicates that such an approximation works well.

Boundary Conditions
Initially, the gas is assumed to be in local equilibrium, i.e.,

g = (/7 Tr) exp{—(1/ Tr)[ (v, — w)* + (v, — u,)*]} (37a)
h = %TTg/ (37b)

To specify the interaction of the molecules with the solid surface, it
is assumed that molecules that strike the surface are subsequently
emitted with a Maxwellian velocity distribution characterized by
the surface temperature T,,. The two-stream concept is also applied
here by defining the half-range distribution functions

g (& v, vy) =0, for v, <0 (38a)
g (€, nve,vy) =0, for v, >0 (38b)

where v, = v-n and i is the outward unit normal to the solid surface.
On the solid wall, the wall distribution function is given by

g = /mT )R exp[E(1 =T, " Y exp[—(1/T)(v —u,)’]
it v.n>0 (39a)

hiy = 3Tugf, (39b)
The density of the molecules diffusing from the surface, n,,, is not
known a priori and may be found by applying the condition of zero
mass flux normal to the surface at the wall. One has

" { —0C J =0

(40
where v, = (v, — |v,|)/2.

The inflow and outflow boundary conditions are treated using
characteristics-based boundary conditions that are in accord with
the upwind nature of the interior point scheme. For problems with
symmetry, only half-plane is computed, and the symmetry condition
is assigned to the distribution function.

In the slip flow regime, we also compare kinetic model solutions
to Navier—Stokes solutions with slip boundary conditions. We use
the following expressions for the slip velocity and temperature jump
(in dimensionless form) at the wall for the Navier-Stokes model:

g = G Ma [y gus
p Res \V Tr On

M / aT
T\,T,‘!:g_?i__y_ Ty oir (42)
20 Rey (y — )PrV 2T on

where U, is the slip velocity, s and n denote the tangential and
normal directions to the wall surface, u, = u - s, y denotes the
ratio of specific heats, and the Prandtl number Pr = 0.72; C, C»,
and C; are dimensionless constants depending on the molecular
interaction model at the wall. Here, we follow Kogan®" and take
C, = 1.012,C, = 0.383, and C; = 0.8155. For all calculations in
stip flow conditions, the thermal accommodation coetficient was set
equal to unity (perfect accommodation). The slip velocity and the
temperature jump are being calculated at each step of integration.

2C, M, 1 8Ty
——= (1)
p Rey Tr s

V. Results and Discussions

Several representative rarefied gas dynamical problems are com-
puted in this section to illustrate the numerical methods as well as
the statistical models for gases with and without internal degrees of
freedom. Comparisons with corresponding results for monatomic
gases and with experimental data are emphasized. Additional com-
putational results using several Krook-type kinetic models for a
monatomic gas and comparison with experimental results can be
found in Ref. 11, where a different numerical method was used.

One-Dimensional Rarefied Riemann Shock-Tube Problem

The first example we considered is the one-dimensional unsteady
Riemann shock-tube problem. The numerical treatment of this Rie-
mann shock-tube problem has been studied by Chu'” and recently
by Prendergast and Xu?! using the BGK kinetic model description.
In this problem a diaphragm, which is located at x = 0.5, separates
two regions, cach in a constant equilibrium state at ¢ = 0. For a
monatomic gas, the initial conditions are p = 10, T = 1.667, and
u=00for0<x <05 andp = 1.0,7T = 1.333,and u = 0,
for 0.5 < x < 1. For a diatomic gas, the initial conditions are
o=10,forT =14, andu =0,for0 < x < 0.5, and p = 1.25,
T =1.12,and u = 0, for 0.5 < x < 1. The length of the tube
is unity, which represents 1000 A, where A is the mean free path
based on the right state. We used 100 grid points with physical spac-
ing Ax = 0.01. In the velocity space, we used 20 discrete velocity
points ranging {rom —5.3 to 5.3. The Gauss—Hermite quadrature
formula was used. In the internal energy space, 10 discrete energy
levels were used. The Courant number based on the maximum gas
velocity, |X; |ma A1/ AX, s taken to be 0.9. The results of computed
nondimensional flow properties at time ¢ = 0.1912 are presented.
At this moment, a shock wave is located near x = 0.78, a contact
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Fig.7 Comparison of several physical models for supersonic flows past
a NACA 0012 airfoil (Mo, = 2.0, Re; = 1.06 X 10%, Kny, = 0.03, and
a = 0 deg). a) Shock shape and standoff distance and b) surface pressure
coefficients: - - - -, Navier-Stokes; ———, Navier—Stokes plus slip condi-
tion: diatomic model, — + -—, monatomic model; and e, experiment
(Allegre).




2078 YANG, HUANG, AND WANG

U,/Um

6.0 T T T T
0.0 0.2 0.4 0.8 0.8 1.0

0.08+4

0.08 ’,

0.04 -

(Tw-Ts)/ Tw

0.02

0.00 T T T T
0.0 0.2 0.4 0.8 0.8 1.0

b) X

Fig. 8 Surface slip properties for supersonic rarefied flows past a
NACA 0012 airfoil (Mo, = 2.0,Re; = 1.06 X 10%,Kn, = 0.03, and
a = 0 deg). a) Slip velocity and b) temperature jump: ———, Navier—
Stokes slip condition and , diatomic model.

0.5 bk

-0.5

Fig.9 C-type grid (201 X 51) system for NACA 0012 airfoil flow com-
putation.

surface at x = 0.65, and an expansion fan at x = 0.3. The results
(denoted as symbols) with Ax = 10A, using ENO2 scheme for the
BGK model are shown in Fig. 1. The results for the Morse-Holway
model for diatomic gases are shown in Fig. 2. The solid lines that
represent exact solutions of the Riemann problem of inviscid gas
dynamics are shown for qualitative comparison. For the Euler exS-

act solutions, the ratios of specific heats are chosen to be y = 3

and % for monatomic and diatomic gases, respectively. The lower

b) X

Fig. 10 Supersonic rarefied flow past a NACA 0012 airfoil (M., =
2.0,Re; = 1.06 x 10%, Knoo = 0.03, and o = 10 deg). BGK model for a
monatomic gas: a) pressure contours and b) density contours.

total temperature for the diatomic gases can be explained by the
fact that there exist other energy modes besides the translational
energy. We also examine the cffect of high-order schemes. In Fig. 3
the density and total temperature profiles for diatomic gases using
first-order upwind, second-order TVD and second- and third-order
ENO schemes are plotted. We can observe that high-order ENO
schemes give crisper shock and contact profiles. A comparison of
distributions of translational heat flux (i.e., ¢,) along the tube for a
monatomic gas (BGK model) and a diatomic gas (Morse—Holway
model) is shown in Fig. 4. The CPU seconds needed per integration
step for the ENO3 scheme are 0.026 and 0.237 s on a Cray Y-MP/EL
computer for the BGK and Morse-Holway models, respectively.

Steady Rareficd Airflow Past a NACA 002 Airfoil
For two-dimensional steady problems, we considered a steady
rarefied gas flow past a NACA 0012 airfoil. Experimental density
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Fig. 11 Supersonic rarefied flow past a NACA 0012 airfoil (Mo, = 2.0, Re; = 1.06 X 102, Kn = 0.03,and o = 10 deg). Morse-Holway model for a
diatomic gas: a) pressure contours, b) density contours, and c) experiment.?
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flowfields around NACA 0012 airfoils for subsonic and supersonic
cases under rarefied conditions have been obtained by Allegre
et al.>> 2 We shall calculate their cases for 0- and 10-deg an-
gles of attack and compare with their experimental results. We
present the results for diatomic gases and compare them with those
for monatomic gases and with experimental results. The steady-
state solutions of rarefied gas flows are obtained using the LU
implicit TVD method. Convergence of a steady-state solution is
assumed to have occurred when L, norm of the residual is re-
duced to less than 10~%. The wall temperature T, of the airfoil is
equal to the stagnation temperature of the flow and is about 290 K.
The Reynolds number based on the airfoil chord length is about
Re; = 1.06 x 102. A 101 x 71 C-type grid system was used.
The number of discrete velocity points used in the (v,, v,) plane
is (26 x 26), and the modified half-range Gauss—Hermite quadra-
ture formula is used. For the diatomic gases, the number of dis-
crete energy levels employed is 4, and the Gauss—Laguerre quadra-
ture formula is used. The freestream Mach number is M. = 2.0

and the Knudsen number Kn,, = 0.03. The computed results of

pressure and density contours at 0-deg angle of atlack are shown
in Fig. 5 using the BGK model for a monatomic gas. In Fig. 6,
the results of pressure, total temperature, and density contours
at 0-deg angle of attack using the Morse~Holway model for a
diatomic gas are shown together with the expcrimental density
fields.

In general, both the Krook-type models for the monatomic and
diatomic gases capture the flow structures including the bow shock
and the stagnation region quite well. However, some discrepancy
between BGK model results and the experimental data can be ob-
served. The computed front bow shock in Fig. 5b is pushed far-
ther away from the leading edge of the airfoil (i.c., larger shock
standofT distance) as compared with experimental data, as shown
in Fig. 6¢. The results of the diatomic model arc in good agree-
ment with the experimental data. A comparison of the location and
shape of front bow shock and surface pressurc coefficients using
several physical models is given in Fig. 7. The continuum Navier—
Stokes model with no-slip and with slip boundary conditions, the
BGK model for monatomic gases, and Morse—-Holway model for
diatomic gases are computed. The computed front bow shocks us-
ing both the BGK model and Navier—Stokes mode! with no-slip
boundary conditions give larger shock standoff distances, 0.2L and
0.19L, respectively. The Navier—Stokes model with slip boundary
conditions gives a shock standoff distance around 0.16L, and the
Morse—-Holway model gives a value of 0.15L that compares well
with the experimental data. The Morse-Holway model produces the
best results. The Navier-Stokes model with slip boundary conditions
[Egs. (41) and (42)] gives surprisingly good agreement with the di-
atomic gas model. Although we cannot find experimental data for
comparison, however, we still display the velocity slip and tempera-
ture jump in Fig. 8 for the Navier—Stokes model with slip boundary
conditions and the Morse~Holway model. Note that the numeri-
cal method used to solve the Navier—Stokes equations here is a
high-order nonoscillatory LU implicit scheme similar to the present
one with viscous terms discretized using sccond-order central
differcing.

Finally, we consider the airfoil case with angles of attack. We
report only the case for angle of attack o = 10 deg, and the flow
parameters are M, = 2.0, Kn, = 0.03, and Re; = 1.06 x 10°.
A 201 x 51 C-type grid system as shown in Fig. 9 was used. The
pressure and density contours computed using the BGK model for
a monatomic gas are shown in Fig. 10. The corresponding results
using the Morse~Holway model for a diatomic gas are shown in
Fig. 11, together with the experimental density fields.** By com-
paring the computed density contours from various kinetic models
with the experimental data, it is quite evident that almost all of the
major flow structurcs can be modeled well by the kinetic models
chosen, and good flow resolution can be achicved with the present
method. The results from the Morse-Holway model arc closer to
the experimental data. For a typical case run, it takes about 1000
iterations using a Courant number cqual to 5 to reach a steady-state
solution. That the smaller Courant number can be used (compared
with 30 for monatomic gases) in diatomic gases may be attributed
to the internal energy levels that make the problem more stift.

V1. Conclusions

In this study, high-order nonoscillatory schemes for solving the
nonlinear kinetic model equations for gases with and without inter-
nal degrees of freedom have been presented for the computations
of rarefied gas flows. The BGK kinetic model for monatomic gases
and the Morse—Holway model for gases with internal degrees of
freedom are considered. In the method the discrete ordinate method
for kinetic theory is first applied to the distribution function in phase
space to remove its velocity dependence. The physical discrete in-
ternal energy states are assumed to be closely spaced and considered
as a continuous encrgy. space, and a Gauss—Laguerre quadrature is
employced to rediscrelize the energy space. This enables the resulting
set of equations to be cast into conservation law form with source
terms in physical space. Then the characteristic flux difference split-
ting method, in conjunction with the modified flux approach, is em-
ployed to producc a class of high-order ENO schemes for solving the
kinetic model equations. For multidimensional problems, a general
curvilinear coordinates system is used. The operator splitting is em-
ployed in the explicit method for unsteady flows, and the LU method
was employed in the implicit methods for steady-state calculations.
Computations of one- and two-dimensional rarefied gas llows in-
dicate that both high resolution of flowfields and good qualitative
agreement with theoretical and experimental results can be obtained.
The present approach is quite general and applicable to rarefied gas
flows over a wide range of Knudsen numbers. The only assumption
is that the model equation instead of the full Boltzmann equation
is used. Although the accuracy and applicability of the statistical
models need further comparison with experimental results. the nu-
merical methods developed in the present study for both monatomic
gases and gases with internal degrees of freedom may serve as a use-
ful tool to exploit many aspects of the kinetic models by exhibiting
accurate results for many practical rarefied gas dynamical problems.
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